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I Bisection Method

Background. The bisection method is one of the bracketing meth-
ods for finding roots of equations.

Implementation. Given a function f(x) and an interval which might
contain a root, perform a predetermined number of iterations using
the bisection method.

Limitations. Investigate the result of applying the bisection method
over an interval where there is a discontinuity. Apply the bisection
method for a function using an interval where there are distinct
roots. Apply the bisection method over a "large" interval.

Theorem (Bisection Theorem). Assume that fe Cla, b] and that
there exists a number A € [a, b] such that f(1) =0.

If f(a)andf(b) have opposite signs, and {c,} represents the sequence
of midpoints generated by the bisection process, then

b-a
2n+1

for n=0,1, ..,
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and the sequence {c,} converges to the zero x=A.

That is, limeg. . Ch = A.

Bisection[a0_, bO_, x_] :=

Module[{},
a = N[a0];
b = N[bO];

a+b
C = ;
2
i =0;

output = {{i, a, c, b, F[c]}};
While[i <2,
If[ Sign[f[b]] = Sign[f[c]],
b=c, a=c;];

a+b
C = »

2
= 1+1;

output = Append[output, {i, a, c, b, F[c]}]; ];

Print[NumberForm[TableForm[output,
TableHeadings -» {None, {"i", "ax", "ck", "bc", "F[ck]"}}], 16]1];
Print[” c ", NumberForm[c, 16] ];

b-a
et

Print[" AC

Print["f[c] ", NumberForm[f[c], 16] ]; ]

Example 1. Find all the real solutions to the cubic equation
x3+2x?-5=0.

Solution

fix ] =x3+2x?-5;
Print["f[x] = ", F[X] 1;

fix] = -5+2x%+x3

Plot the function.
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Needs["'Graphics Colors "]
Plot[f[Xx], {X, -4, 4}, PlotStyle - Magenta]
Print["y = F[x] = ", F[x]1];
80+
60 -
a0}
20+
| 1 |
-4
_20L
y = f[x] = -5+2x2+x3

There appears to be only one real root which lies in the interval
[1,2].
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Plot[F[X], {X, 1, 2}, PlotStyle -» Magenta]
Print["y = f[x] = ", F[X]1];

y = F[x] = -5+2x%+x3

Call the Bisection subroutine on the interval [1,2] using 10 iterations

| Bisection[1l, 2, 10];

i a Ck bk flck]

0 1. 1.5 2. 2.875

1 1. 1.25 1.5 0.078125

2 1. 1.125 1.25 -1.044921875

3 1.125 1.1875 1.25 -0.505126953125

4 1.1875 1.21875 1.25 -0.219024658203125

5 1.21875 1.234375 1.25 -0.07184219360351562

6 1.234375 1.2421875 1.25 0.002791881561279297

7 1.234375 1.23828125 1.2421875 -0.03461235761642456

8 1.23828125 1.240234375 1.2421875 -0.01593206077814102

9 1.240234375 1.2412109375 1.2421875 -0.006575548090040684
10 1.2412109375 1.24169921875 1.2421875 -0.001893198234029114

c = 1.24169921875
ac = £0.000488281
f[c] = -0.001893198234029114

After 10 iterations, the interval has been reduced to [a,b] where
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Print["a = ", NumberForm[a, 16] ];
Print["b = ", NumberForm[b, 16] ];
Print[""];

Print[“[a, b] = [", a, ", ", b, "1"];

a = 1.2412109375
b = 1.2421875

[a, b] = [1.24121, 1.24219]

The root lies somewhere in the interval [a,b] the width of which is

| Print["b-a = ', NumberForm[b-a, 16] ];
b-a = 0.0009765625

The reported root is alleged to be

| Print[“c = ", NumberForm[c, 16] ];
c = 1.24169921875

The accuracy we can guarantee is one half of the interval width.

Print["b ; . = L NumberForm[Eé%E, 16]];

b-a
T = 0.00048828125

Is this the desired accuracy you want ? If not, more iterations are
required.
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Bisection[1l, 2, 20];

i a Ck by Tlck]

0 1. 1.5 2. 2.875

1 1. 1.25 1.5 0.078125

2 1. 1.125 1.25 -1.044921875

3 1.125 1.1875 1.25 -0.505126953125

4 1.1875 1.21875 1.25 -0.21902465820312
5 1.21875 1.234375 1.25 -0.07184219360351
6 1.234375 1.2421875 1.25 0.002791881561279
7 1.234375 1.23828125 1.2421875 -0.03461235761642
8 1.23828125 1.240234375 1.2421875 -0.01593206077814
9 1.240234375 1.2412109375 1.2421875 -0.00657554809004
10 1.2412109375 1.24169921875 1.2421875 -0.00189319823402
11 1.24169921875 1.241943359375 1.2421875 0.000449000377557
12 1.24169921875 1.2418212890625 1.241943359375 -0.00072218424429
13 1.2418212890625 1.24188232421875 1.241943359375 -0.00013661326306€
14 1.24188232421875 1.241912841796875 1.241943359375 0.000156188224735
15 1.24188232421875 1.241897583007812 1.241912841796875 9.7861477179606 x
16 1.24188232421875 1.241889953613281 1.241897583007812 -0.00006341389095
17 1.241889953613281 1.241893768310547 1.241897583007812 -0.00002681395493
18 1.241893768310547 1.24189567565918 1.241897583007812 -8.51392443923515
19 1.24189567565918 1.241896629333496 1.241897583007812 6.361064315285603
20 1.24189567565918 1.241896152496338 1.241896629333496 -3.93891030547877

c = 1.241896152496338
AC = +4.76837x10°7
f[c] - -3.938910305478771x 106

Compare our result with Mathematica's built in root finder.

sols = NSolve[f[x] == 0, X];
NumberForm[TableForm[sols], 16]

X - -1.62094828151724 - 1.182635560091155 i
X > -1.62094828151724 + 1.182635560091155 1
X > 1.24189656303448

Why is Mathematica's answer different ?

How many bisections would it take to reduce the interval width to
10716 7

Bisection[1l, 2, 50];
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ag

Ck

Tlck]

OO ~NOOUDWNPEOm

PR R RRRRR
No o~ WNRO
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1.

1.

1.

1.125

1.1875

1.21875
1.234375
1.234375
1.23828125
1.240234375
1.2412109375
1.24169921875
1.24169921875
1.2418212890625
1.24188232421875

1.24188232421875

1.24188232421875

1.241889953613281
1.241893768310547
1.24189567565918

1.24189567565918

1.241896152496338
1.241896390914917
1.241896510124207
1.241896510124207
1.241896539926529
1.24189655482769

1.241896562278271
1.241896562278271
1.241896562278271
1.241896562278271
1.241896562743932
1.241896562976763
1.241896562976763
1.241896562976763
1.241896563005866
1.241896563020418
1.241896563027694
1.241896563031332
1.241896563033151
1.241896563034061
1.241896563034061
1.241896563034288
1.241896563034402

1.5

1.25

1.125

1.1875

1.21875

1.234375
1.2421875
1.23828125
1.240234375
1.2412109375
1.24169921875
1.241943359375
1.2418212890625
1.24188232421875
1.241912841796875

1.241897583007812
1.241889953613281
1.241893768310547
1.24189567565918

1.241896629333496
1.241896152496338
1.241896390914917
1.241896510124207
1.241896569728851
1.241896539926529
1.24189655482769

1.241896562278271
1.241896566003561
1.241896564140916
1.241896563209593
1.241896562743932
1.241896562976763
1.241896563093178
1.24189656303497

1.241896563005866
1.241896563020418
1.241896563027694
1.241896563031332
1.241896563033151
1.241896563034061
1.241896563034516
1.241896563034288
1.241896563034402
1.241896563034459

1.25

1.25

1.25

1.2421875
1.2421875
1.2421875
1.2421875
1.2421875
1.241943359375
1.241943359375
1.241943359375

1.241912841796875
1.241897583007812
1.241897583007812
1.241897583007812
1.241897583007812
1.241896629333496
1.241896629333496
1.241896629333496
1.241896629333496
1.241896569728851
1.241896569728851
1.241896569728851
1.241896569728851
1.241896566003561
1.241896564140916
1.241896563209593
1.241896563209593
1.241896563209593
1.241896563093178
1.24189656303497

1.24189656303497

1.24189656303497

1.24189656303497

1.24189656303497

1.24189656303497

1.24189656303497

1.241896563034516
1.241896563034516
1.241896563034516

2.875

0.078125
-1.044921875
-0.505126953125
-0.21902465820312
-0.07184219360351
0.00279188156127S
-0.03461235761642
-0.01593206077814
-0.00657554809004
-0.00189319823402
0.000449000377557
-0.00072218424429
-0.00013661326306
0.000156188224735

9.7861477179606 x
~0.00006341389095
~0.00002681395493
~8.51392443923515
6.361064315285603
~3.93891030547877
~1.65140226204840
5.07647996528248
6.42291970720521 >
~2.2170940461307¢
~7.87401051027814
_7.25545401536464
2.848687152834373
1.061570831240033
1.68012714851784 >
~2.78766343342340
~5.53768586541991
5.631797250771342
4.705569267571263
.74530620458790
.3491252559560¢
.51034781640191
.0198954448223¢
.27471366795362
.01989552756276
3.428368700042483
~1.83852932877925
~7.47846229387505
2.02504679691628
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a4
45
46
47
48
49
50

PR R R R R R

-241896563034459
-241896563034459
-241896563034473
-241896563034473
-241896563034476
-241896563034478
-241896563034479

= +4.44089 x 10716

s

1.24189656303448

-241896563034487
-241896563034473
-24189656303448

-241896563034476
-241896563034478
-241896563034479
1.

24189656303448

= -2.664535259100376 x 1071°

P PR R R R R

-241896563034516 7.01660951563098¢
-241896563034487 -6.57252030578092
-241896563034487 1.77635683940025>
-24189656303448
-24189656303448
-24189656303448
-24189656303448

-3.19744231092045
-1.50990331349021
-7.1054273576010C
-2.66453525910037

The bisection method can only be used to find a
real root in an interval [a,b] in which f[x] changes sign.

Example 2. Use the cubic equation x3+2x?>-5=0 in Example 1

and perform the following call to the bisection method.

tion[0,1,30];

Solution

Bisec-
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Bisection[0, 1, 30];

i ag C bk flck]

0O 0. 0.5 1. -4.375

1 0. 0.25 0.5 -4.859375

2 0. 0.125 0.25 -4.966796875

3 0. 0.0625 0.125 -4.991943359375

4 0. 0.03125 0.0625 -4.998016357421875
5 0. 0.015625 0.03125 -4 .999507904052734
6 0. 0.0078125 0.015625 -4.999877452850342
7 0. 0.00390625 0.0078125 -4.99996942281723
8 0. 0.001953125 0.00390625 -4.999992363154888
9 0. 0.0009765625 0.001953125 -4.999998091720045
10 0. 0.00048828125 0.0009765625 -4.999999523046426
11 0. 0.000244140625 0.00048828125 -4 .999999880776159
12 0. 0.0001220703125 0.000244140625 -4 .999999970195859
13 0. 0.00006103515625 0.0001220703125 -4.999999992549192
14 0. 0.000030517578125 0.00006103515625 -4.999999998137326
15 0. 0.0000152587890625 0.000030517578125 -4.999999999534335
16 0. 7.62939453125x10°° 0.0000152587890625 -4.999999999883585
17 0. 3.814697265625x 105 7.62939453125 x 106 -4.999999999970896
18 0. 1.9073486328125x 108 3.814697265625 x 106 -4 .999999999992724
19 0. 9.5367431640625x 107 1.9073486328125 x 1076 -4.999999999998181
20 0. 4.76837158203125x 107 9.5367431640625 x 107 -4 .999999999999545
21 0. 2.384185791015625x 107 4.76837158203125x107 -4.999999999999886
22 0. 1.192092895507812x10-7 2.384185791015625x 10-7 -4.999999999999972
23 0. 5.960464477539062 x 108 1.192092895507812 x 107 -4.999999999999993
24 0. 2.980232238769531x 108 5.960464477539062x 108 -4 .999999999999998
25 0. 1.490116119384766x 108 2.980232238769531x 108 -5.

26 0. 7.450580596923828 x 102 1.490116119384766 x108 -5.

27 0. 3.725290298461914 x10° 7.450580596923828x10° -5.

28 0. 1.862645149230957 x 102 3.725290298461914 x10° -5.

29 0. 9.31322574615479x 10710 1.862645149230957 x10° -5.

30 0. 4.656612873077393 x1010 9_.31322574615479 x1010 _5._

flc]

4.656612873077393 x 1010

+4_.65661 x 1010
5.

Reduce the volume of printout.

You must be able to explain what the output means.
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After you have debugged you program and it is working properly,
delete the unnecessary print statements.

Concise Program for the Bisection Method

Bisection[a0_, bO_, A ] :=
Module[{a = N[aO], b = N[bO]},

C =

a+b_
T
i =0;
While[i<x,
If[ Sign[f[b]] = Sign[f[c]],
b=c, a=c;];
a+b_
>
i+1; ];

Print[” c

C =

", NumberForm[c, 16] ];

b-a
L

Print[" AC

Print["f[c] ", NumberForm[f[c], 16] ];];

Now test the example to see if it still works. Use the last case in
Example 1 given above and compare with the previous results.

Bisection[1l, 2, 30];

c = 1.241896562743932
AC = +4.65661x 1010
f[c] = -2.787663433423404 x 10°°

Reducing the Computational Load for the Bisection Method

The following program uses fewer computations in the bisection
method and is the traditional way to do it. Can you determine how
many fewer functional evaluations are used 2
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Bisection[a0_, bO_, A_] :=
Module[{a - N[a0], b = N[bO]},
a+b

C = 2
2

Yc = F[c];
1 = 0;
While[i <2,
If[ Sign[Yb] == Sign[Yc],

b =c;
Yb = Yc,
as==c;1];
a+b
C =
2
Yc = F[c];
i =i+1; ];

Print[" c¢ = ", NumberForm[c, 16] ];
) b-a
Prlnt[" AC = ", ———-];

2

Print["f[c]

", NumberForm[Yc, 16] ] ;]

| Bisection[l, 2, 30];

c 1.241896562743932

AC = +4.65661x10°10
f[c] - -2.787663433423404 x 10°°

Various Scenarios and Animations for the Bisection Method.
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Bisection[a0_, bO_, A_] :=

Module[{},
a = N[a0];
a+b
C = ;
2
i=0;

output = {{i, a, c, b, f[c]}};

While[i <2,

C

output = Append[output, {i, a, c, b, F[c]}]; ];

b =c,

a+b_

2
i+1;

as=c;];

Print[NumberForm[TableForm[output,

TableHeadings » {None, {"k", "ayx™, "ck"

Print[” c

Print[" AC

Print["f[c]

", NumberForm[c, 16] ];
b-a
. ____];
2

", NumberForm[f[c], 16] ];]

"be", "FlCk]1™}}], 16]11;
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Bis

ection[1, 2, 30];

ag

Ck

flck]

OO ~NOOO~WNPRPROX

PR R RRRRR
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flc

1.
1.

1.

1.125

1.1875

1.21875

1.234375

1.234375
1.23828125
1.240234375
1.2412109375
1.24169921875
1.24169921875
1.2418212890625
1.24188232421875
1.24188232421875
1.24188232421875
1.241889953613281
1.241893768310547
1.24189567565918
1.24189567565918
1.241896152496338
1.241896390914917
1.241896510124207
1.241896510124207
1.241896539926529
1.24189655482769
1.241896562278271
1.241896562278271
1.241896562278271
1.241896562278271

1.5

1.25

1.125

1.1875

1.21875

1.234375
1.2421875
1.23828125
1.240234375
1.2412109375
1.24169921875
1.241943359375
1.2418212890625
1.24188232421875
1.241912841796875
1.241897583007812
1.241889953613281
1.241893768310547
1.24189567565918
1.241896629333496
1.241896152496338
1.241896390914917
1.241896510124207
1.241896569728851
1.241896539926529
1.24189655482769
1.241896562278271
1.241896566003561
1.241896564140916
1.241896563209593
1.241896562743932

= 1.241896562743932

- +4.65661 x 1010

] =

-2.787663433423404 x 10°°

1.25

1.25

1.25

1.2421875
1.2421875
1.2421875
1.2421875
1.2421875
1.241943359375
1.241943359375
1.241943359375

1.241912841796875
1.241897583007812
1.241897583007812
1.241897583007812
1.241897583007812
1.241896629333496
1.241896629333496
1.241896629333496
1.241896629333496
1.241896569728851
1.241896569728851
1.241896569728851
1.241896569728851
1.241896566003561
1.241896564140916
1.241896563209593

2.875

0.078125
~1.044921875
~0.505126953125
~0.21902465820312
~0.07184219360351
0.002791881561279
~0.03461235761642
~0.01593206077814
~0.00657554809004
~0.00189319823402
0.000449000377557
~0.0007221842442¢
~0.00013661326306
0.000156188224735
9.7861477179606 x
~0.00006341389095
~0.00002681395493
~-8.51392443923515
6.361064315285603
~3.93891030547877
~1.65140226204840
5.07647996528248
6.42291970720521 >
~2.21709404613079
_7.87401051027814
_7.25545401536464
2.848687152834373
1.061570831240033
1.68012714851784 >
_2.78766343342340

Example 3. Convergence Find the solution to the cubic equation
x3 +2x%2-5=0. Use the starting interval [a, b]=[-1, 2].

Solution
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Needs["'Graphics Colors "] ;

(FIx_1=x*+2%x*-5;) (a=-1.73) (b=2.73)

Bisection[a, b, 30];
Plot[f[Xx], {x, -1.05", 2.05"}, PlotRange » {{-1.05", 2.057}, {-10, 15}},

PlotStyle » Magenta]
Nul I®
k ax Ck by Tck]
0 -1. 0.5 2. -4._.375
1 0.5 1.25 2. 0.078125
2 0.5 0.875 1.25 -2.798828125
3 0.875 1.0625 1.25 -1.542724609375
4 1.0625 1.15625 1.25 -0.78036499023437
5 1.15625 1.203125 1.25 -0.36344528198242
6 1.203125 1.2265625 1.25 -0.14578008651733
7 1.2265625 1.23828125 1.25 -0.03461235761642
8 1.23828125 1.244140625 1.25 0.0215595141053189
9 1.23828125 1.2412109375 1.244140625 -0.00657554809004
10 1.2412109375 1.24267578125 1.244140625 0.00747969199437¢€
11 1.2412109375 1.241943359375 1.24267578125 0.000449000377557
12 1.2412109375 1.2415771484375 1.241943359375 -0.00306404160255
13 1.2415771484375 1.24176025390625 1.241943359375 -0.0013077125674S
14 1.24176025390625 1.241851806640625 1.241943359375 -0.00042940408602
15 1.241851806640625 1.241897583007812 1.241943359375 9.7861477179606 x
16 1.241851806640625 1.241874694824219 1.241897583007812 -0.00020981196862
17 1.241874694824219 1.241886138916016 1.241897583007812 -0.00010001366032
18 1.241886138916016 1.241891860961914 1.241897583007812 -0.00004511394377
19 1.241891860961914 1.241894721984863 1.241897583007812 -0.0000176639448¢
20 1.241894721984863 1.241896152496338 1.241897583007812 -3.93891030547877
21 1.241896152496338 1.241896867752075 1.241897583007812 2.923615777028488
22 1.241896152496338 1.241896510124207 1.241896867752075 -5.07647996528248

W NDNDNDNDNDNDN
O © 0 ~NO O W

1.241896510124207
1.241896510124207
1.241896510124207
1.24189655482769
1.24189655482769
1.24189655482769
1.241896560415626
1.241896560415626

1.241896688938141
1.241896599531174
1.24189655482769

1.241896577179432
1.241896566003561
1.241896560415626
1.241896563209593
1.241896561812609

= 1.241896561812609

= +1.39698 x 10°°

-1.172324459730589 x 108

1.241896867752075
1.241896688938141
1.241896599531174
1.241896599531174
1.241896577179432
1.241896566003561
1.241896566003561
1.241896563209593

1.20798370684127¢
3.501678094153249
-7.87401051027814
1.357138490476473
2.848687152834373
-2.5126617231308C
1.68012714851784 >
-1.17232445973058



BisectionMethod[1].nb
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